Abstract. The exterior boundary value problems of linear elastic equations are considered. A sequence of approximations to the exact boundary conditions at an artificial boundary is given. Then the original problem is reduced to a boundary value problem on a bounded domain. Furthermore, a finite element approximation of this problem and optimal error estimates are obtained.
Introduction
Many boundary value problems of partial differential equations arising in practical applications are given on unbounded domains, such as coupling of structures with foundation and fluid flow around obstacles. In finding the numerical solutions of these problems, it is often difficult to use the classical finite element or finite difference method. In engineering, the usual method is to introduce an artificial boundary and cut off the unbounded part of the domain and to set up an artificial boundary condition at the artificial boundary of the remaining bounded domain. For example, the Dirichlet condition and Neumann condition are often used for elliptic partial differential equations. In general, this artificial boundary condition at the artificial boundary is only a rough approximation of the exact boundary condition. Hence, the remaining bounded domain must be quite large when high accuracy is required. For such large domains, it is still difficult to compute the numerical solution.
In 1985, we found the exact boundary conditions at an artificial boundary for the Laplace equation as a model equation [7] . Moreover, a sequence of approximations to the exact boundary condition at the artificial boundary was given, and we reduced the original exterior problem to an equivalent (or approximate) boundary value problem on a bounded domain with integral boundary conditions. Then we solved the approximate boundary value problem on the bounded domain by a finite element method. An optimal error estimate of the finite element approximate solution was obtained and a numerical example showed the effectiveness of this method.
Boundary value problems on unbounded domains have been studied for many years. For example, in 1982, Goldstein [3] studied Helmholtz-type equations. The problem was replaced by a boundary value problem on a fixed bounded domain. The behavior of the solution near infinity is incorporated in a nonlocal boundary condition. In 1984, Feng [4] studied asymptotic radiation conditions for the reduced wave equation; in 1986, Hagstrom and Keller [5] studied the exact boundary condition at an artificial boundary for partial differential equations in cylinders. Shortly thereafter, they used this technique to solve nonlinear problems of both elliptic and parabolic type [6] . This technique is a rather natural extension of related work on ordinary differential equations over infinite intervals by Keller [9] , Jepson and Keller [8] , and Lentini and Keller [11] . In 1988, Lenoir and Tounsi [10] studied the various convergence properties of the localized finite element method for the two-dimensional sea-keeping problem.
In this paper we show how this technique applies to the exterior problem for the linear elastic equations and obtain its finite element approximation on a bounded domain. An optimal error estimate of the finite element approximate solution is given; moreover, a numerical example shows this technique to be very effective.
The exact and approximate boundary conditions
at an artificial boundary Let T, be a bounded, simply closed curve in R2, and let Q be the unbounded domain with boundary T,. Consider the following exterior boundary value problem:
where (u,v) is the displacement, X,fi > 0 are the Lamé constants, and (/i 5/2) is the density of the applied body force, the support of which is compact. This problem is defined on an unbounded domain Q.. The usual method engineers use is to draw a circumference Te with radius R. Then Q is divided into two parts; the bounded part and the unbounded part are denoted by Q, and Çie (see Figure 1) . Furthermore, suppose that the support of (f\, f2) is in O.,. If a certain boundary condition on the artificial boundary Te is given, then we could solve the problem ( 1 )-(4) on the bounded domain Í2,. The goal of this section is to derive the exact and an approximate boundary condition for the solution of problem (l)-(4) on Te.
We now consider the boundary value problem of linear elastic equations on Figure 1 the unbounded domain Çle with boundary Te :
.
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v\re=v(R,6), u, v are bounded when r -* +oo.
We know that the problem (5)- (8) has a unique solution (u, v) if (u(R, 9), v(R, 9)) is given. This solution (u, v) can be found in [13, §83] . For our application, the solution (u, v) is given in the following form [7] : 
(15)
Gl(r,6) = ^ + ¿(a" cosn9 + bn sinn9)r~n , n=\ G2(r, 9) = y + J2(c" C0S "ö + dn sin "ö)''"" - 
and (21)
p(r, 9) = ^2(p"cosne+p2sinne)r ", (16) into (25) and (26) and integrating by parts, we obtain the vector components of stress acting on the boundary Te,°°
The formula can also be rewritten in the following form:°° r2n a2 
Yn = Tfau,v) onff.
In the following section we will show that the boundary value problems (31)- We know that the subspace Vn is a regular finite element space in the sense of Babuska and Aziz [1] , which satisfies the following approximation property:
We now consider the approximation problem of (46) We take Ye as a circumference with radius 2; then we consider the finite element approximation of (u, v) on the bounded domain Q, = {(x, y) G Q and r < 2} .
Since «i and «i are symmetric about the x and y axes, respectively, and antisymmetric about the y and x axes, respectively, the domain of computation was taken to be the part lying in the first quadrant. The symmetric and antisymmetric boundary conditions were used along x = 0 and y = 0.
Three meshes were used in computation. Figure 2 shows the triangulation for mesh A. Mesh B was generated by dividing the triangles in mesh A into four small triangles, and mesh C was similarly generated. Linear finite element approximation was used in computation. Table 1 shows the maximum of the errors u -uhN and v -vhN over the mesh points when N = 5. Since the maximum norm of u is about 0.117, the maximum relative error for u is about 3.2% for mesh A, 1% for mesh B, and 0.25% for mesh C. The maximum norm of v is about 0.555, hence the maximum relative error for v is about 11.7% for mesh A, 4.54% for mesh B, and 1.51% for mesh C. The convergence is fast; in fact, the rates are much higher than linear. Table 2 shows the maximum of the errors u -uhN and v -v^ for mesh A when N = 1,3, and 5; Tables 3-4 show the analogous results for meshes B and C. As we can see from the tables, for u, N = 3 is good enough for meshes A and B, since the meshes are too coarse and then the main errors are due to the coarse meshes. This becomes clear when the mesh is refined, N = 5 did improve the accuracy for mesh C. For v, the effects of N were not so significant as for u for meshes A and B; this is because on the boundary Ye , v is very close to zero, so even for N = 0, the error is already small. The effects of 2V showed up only for finer meshes, as is shown in Table 4 for mesh C. Figures 3-5 show the results for u and v along some curves, where the interior points are the points along the curve ABCDE shown in Figure 2 , and the boundary points are the points along the boundary Ye , i.e., the circumference with radius 2. The effects of 2V are shown for meshes A-C; as shown in the figures, N = 5 gives good approximations, and therefore in the computation very few terms in the bilinear form B^{u, v ; it, v) are needed in order to get good accuracy. 
